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Abstract
Wildfires are a devastating natural disaster with far-reaching consequences on a social,
political, economical and environmental level. Modelling fire is as complex as the physical
phenomenon itself. Current research aims at developing technologies capable of fighting the
fire with minimal human interaction. Such advances require some form of mathematically
modelling to efficiently predict the outcome with minimal error. This project aims to
investigate, develop and calibrate a cellular automata-based model of fire propagation to
simulate wildfires using a physics-based model. Several simulations were run successfully to
test different possible setups. A simple calibration was carried out, minimising the model’s
inaccuracy. The resulting model offers a new perspective into cellular automata-based
models by introducing a temperature-based approach as well as a fuel consumption system.
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Nomenclature
Letters and Subscripts
𝑎 Cell side length

𝑁 Neighbour

𝐴 Area

𝑝 Column parity

𝐴𝑏 Burnt area

℘ Cell properties

𝐴𝑝 Partial area

(𝑝, 𝑞) Cell’s centre coordinates

𝐴𝑟𝑒𝑓 Reference area

𝑟 Rate of spread function

𝐴𝑇 Total area

𝑟𝑎 Radius of interaction

𝐴𝐺 Grid area

𝑅 Rate of spread

𝑏 Fuel constant

𝑅𝑚𝑎𝑥 Maximum rate of spread

𝑐 Columns

𝑠 Transition rule function

CA Cellular Automata

𝑆 Cell state

𝑑 Cell offset

𝑡 Time

𝑒 Objective function

Δ𝑡 Timestep

𝑓 Fuel function

𝑇

𝐹𝑚𝑎𝑥 Maximum fuel

Temperature

𝑇𝑎𝑚𝑏 Ambient temperature
𝑇𝑖𝑔𝑛 Ignition temperature

ℊ Cell’s geometrical position
(𝑖, 𝑗) Cell coordinates

𝑇𝑚𝑎𝑥 Maximum temperature

𝑙 Lines

(𝑥, 𝑦) Coordinate system

𝐿 Radius of interaction

𝑤 Wind function

𝑚 Topography function

𝑊 Wind

𝑀 Topography

Greek Letters
𝛽
𝛾
𝛿
𝜃
𝜆

𝜇
𝜐
𝜌
𝜏
𝜔

Slope function
Near neighbour
Distant neighbour
Cell angle
Convection coefficient
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Conduction coefficient
wind speed
Rate of spread function
Topography function
Wind function

1. Introduction
Wildfires are an unforgiving and devastating natural disaster affecting millions of people every
year across the globe. From the United States to Australia, passing by Portugal the numbers
are desolating. Hundreds of lives lost and millions of pounds in damages, not to mention the
destruction of entire ecosystems. Weather conditions, land topology and fuel types most
times play against the odds of protection services and may even magnify the effects of a
wildfire.
This project aims to investigate and develop a cellular automata model of fire propagation to
simulate wildfires. This project is part of bigger research that is to create autonomous swarms
of firefighting drones.
A cellular automaton is a discrete model in space and time. Each system is constituted by
individual cells that can only interact with themselves on a local level. Each cell has a state of
its own, that can only be affected by their closest neighbours. This state may change over
time by a set of rules that govern the whole system. Originally conceived by the
mathematician John von Neumann, it was Wolfram (2002) who presented the amazing
capabilities of simulating extremely complex physical behaviour within a simple set of rules.
In his book, the author highlights the model’s flexibility to adapt to any area of knowledge,
from physics to social sciences and from medicine to art. Using this model as a fire
management tool to predict and suppress this type of natural catastrophe is yet another
ingenious solution to an ever-growing list of capabilities that come attached to this model.
The remaining sections of this report are organised as follows: Section 2 presents a literature
review on the different types of mathematical models as well as various proposals of fire
propagation models. Section 3 is concerned with presenting the mathematical formulations
and descriptions that characterise the overall model. In Section 4 the model’s capabilities are
showcased individually and compared. The model is then calibrated against a physics-based
model, FireProM-F. Finally, some conclusions are drawn in Section 5.
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2. Literature Review
2.1.

Mathematical Models

Predicting the outcome of a wildfire is an extraordinarily complex task, which involves a series
of factors that need to be taken into account when developing a realistic and effective model
to be implemented during firefighting operations. There is a trade-off to be made between
the model’s accuracy and its computational cost, where a high-fidelity representation of a
forest fire might take an unreasonable amount of time that may render itself fruitless by the
time it finished processing the simulation. Alternatively, a more straightforward and
computationally efficient model would come out as less accurate, however faster simulation
and thus feasible to be implemented in swarms of firefighting drones.
Sullivan (2009) meticulously compiled all the fire propagation models during the period 19902007 and categorised each model into 3 distinct classes: (1) physical and quasi-physical
models; (2) empirical and quasi-empirical models; finally, (3) simulation and mathematical
analogue models. The first category tackles the physics and chemistry modelling of fire
propagation or merely the physics. Conversely, empirical, and quasi-empirical models are
entirely or mainly based on statistical data. Simulation models adopt an already existing
model while a mathematical analogue is based on an abstract concept rather than a physicsbased one to model fire propagation.
These categories are very vague and broad by design, as it may be applied to any other models
related to other disciplines or areas of knowledge. There are other recommendations on how
models can be differentiated by their principles. Innocente and Grasso (2019) introduce a
three-classification system by which models can be grouped: (1) theoretical models, (2) datadriven models and (3) mechanistic surrogate models. The first category entails to a set of
models that are based in partial differential equations and most situations are physics-based.
Data-driven models make use of data to find a possible trend that could explain physical
phenomena. At last, mechanistic surrogate models are modelled after physical phenomena,
however, the governing law may not be related to the physical phenomenon being modelled.
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2.2.

Wildfire Propagation Models

Over recent years, multiple authors came forward with proposals concerning the issue of
modelling a wildfire. Finney (1999) introduced a mechanistic fire growth model using the
Huygens’s principle to model behaviours such as the surface fire, crown fire, fire acceleration,
spotting and fuel moisture called FARSITE (Fire Area Simulator). The model requires an array
of inputs, ranging from the terrain, types of fuel and weather conditions. The weather
conditions are not only concerned with the wind speed and direction but also present the
possibility to model precipitation and ambient temperature. The Huygens’ principle is a
vector-based approach to modelling wildfires, in which the fire front is defined by vertices.
Each vertex has unique conditions that influence the size and shape of elliptical wavelets that
are formed and thus it computes the overall shape and progression of a wildfire. Uniform
conditions produce similar wavelets all around the fire front and consequently, the fire
assumes an elliptical shape. The more complex conditions are, the more intricate are the fire
patterns.
As a direct response to FARSITE, Grasso and Innocente (2020: 1) present a physics-based
model of fire propagation “aimed at faster- than real-time simulations”, named FireProM-F
(Fire Propagation Model for Fast Simulations). The model consists of a system of partial
differential equations governing physical phenomena such as the combustion energy,
conduction, convection, enthalpy, radiation and transport due to wind. The model was then
calibrated against FARSITE, which was also calibrated and then validated against real-life
wildfire data. The results showed that FireProM-F had an almost perfect agreement with
FARSITE for certain conditions, proving that the model is up to producing fast and reliable
predictions of wildfires.
Karafyllidis and Thanailakis (1997) pioneered a model that would steer the status quo of fire
propagation models in a brand new and original direction. The authors successfully developed
a cellular automata model that considered the wind’s speed and direction, landscape
topography and forest inhomogeneity, that is the presence of several rates of fire spread
across the area. An idyllic setup, that is a homogenous, flat forest with no wind and a single
burning cell demonstrated that the fire fronts would be of a circular shape and expanding its
diameter every timestep. By adding up each factor individually, it is possible to visualise and
10

interpret its effects separately. The effect of heterogeneity caused the fire fronts to modify
its shape into a more intricate one and opened the possibility to include incombustible areas,
thus slowing down the fire spread. In the same way, wind speed and direction are another
set of factors that contributed to the irregularity of the fire front and the formation of an oval
shape pushing in the wind’s direction, rather than a circular shape. Picking up on the work
from Lopes, Sousa, and Viegas (1995), topography greatly affects fire propagation. According
to their research, the rate of fire spread increases significantly when climbing an upwards
slope and decreases when the opposite happens. The researchers went further into claiming
that not only slope affects a wildfire rate of spread, but the landscape’s overall geometry may
be an even more important parameter to contemplate. This numerical model is a physicsbased representation of turbulent fluid flow calculations to model wildfire behaviour in an
irregular landscape, more specifically a ridge. Finally, the algorithm was validated by
experimental data collected from wind tunnel testing.
Gazmeh, Alesheikh, and Karimi (2012) presented an adaptation to Karafyllidis and Thanailakis
(1997) model by improving on the local rule applied between a central cell and its
neighbouring cells. Although the authors maintained the Moore Neighbourhood (Wolfram
2002) philosophy, this newer approach considered a nonlinear propagation, which resulted
in a truly circular fire front and thus is a better depiction of the real-life event.
Hernández Encinas et al. (2007) introduced a regular hexagonal grid as a substitute to the
traditional Moore Neighbourhood, claiming that more accurately represents a physical
system given that the cells have a higher number of neighbours to interact locally. The authors
proceeded to compare their work with Karafyllidis and Thanailakis (1997), concluding that
their model is more accurate to its predecessor. In fact, this new approach has an intrinsic
higher rate of spread and its fire front is of a circular shape, which is a more realistic simulation
of wildfires.
Quartieri et al. (2010) presented the concept of an “ignition probability” in the cellular
automaton transition rules. Despite the ingenious variation to the other models, this
particular one does not weigh in weather conditions, land topology nor the rate of fire spread.
The authors acknowledge the model’s limitations and suggest as future work an “ignition
11

probability” dependent on the aforementioned parameters and properly weighed. A similar
idea was proposed by Almeida and Macau (2011), however, the authors expand the concept
and introduced stochasticity into other factors, such as fuel conditions, combustion and fire
spread. These factors enter a loop each timestep and transit from one state to another,
depending on their individual probabilities. Once again, the results were limited to extremely
specific conditions, thus proving ineffective to be utilised as an aid in firefighting operations.
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3. Research/ Design/ Process Methods
3.1.

Wildfire Propagation Model Properties

A cellular automaton is a discrete model in space and time. This mathematical model is the
result of an array of individual cells that interact locally according to a local transition rule that
shapes the behaviour of the phenomenon being simulated. Each cell is an independent object
with a defined set of properties ℘ = ( ℊ, 𝑝, 𝑆, 𝑓, 𝑇), where ℊ sets the geometrical position
of a cell in the grid with dimensions 𝑙 × 𝑐, {𝑙, 𝑐} ∈ ℕ. In this particular model, a regular
hexagonal cell is intended to represent a portion of terrain, as it can be seen in Figure 1. To
model a grid, some geometric relations were taken into account:
(1)

ℎ = √3 ∙ 𝑎
𝜋
𝑧 = cos ( ) ∙ 𝑎
3
𝜋
𝑑 = 𝑎 ∙ [1 + cos ( )]
3

(2)
(3)

The centre of the hexagon (𝑝, 𝑞) is the point from which all the vertices from one hexagon
are derived by adding and subtracting the factors in equations (1) and (2). The centre point is
then multiplied by the total number of rows and columns present in the grid.
𝑧

(a)

(b)
Figure 1. Hexagonal grid geometry
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Equations (1) and (3) describe how each cell is spaced from one another. Each set of vertices
is then populated onto ℊ, from which the location of each cell becomes prelocated on the
grid.
Unlike a conventional square grid, hexagonal tiling is inherently irregular and not all cells
share the same neighbourhood characteristics. In this specific grid, every other column is
shifted from the remaining columns, due to the cell geometry. Property 𝑝 stores a logical
value that defines the column parity for each cell in the array.
Consider a cell of coordinates (𝑖, 𝑗) as it is represented in Figure 2:
{(𝑖, 𝑗) ∈ ℕ: 1 ≤ 𝑖 ≤ 𝑙 ∧ 1 ≤ 𝑗 ≤ 𝑐}

(4)

Cell parity is given by the following set of rules:
{𝑗 = 2 ∙ 𝑘: 𝑘 ∈ ℕ} → 𝑝 = 1

(5)

{𝑗 = 2 ∙ 𝑘 − 1: 𝑘 ∈ ℕ} → 𝑝 = 0

(6)

Figure 2. Hexagonal grid coordinate system
Consider 𝑁 ∈ ℤ, an array of coordinates defining the cells that will interact with the central
cell (𝑖, 𝑗).
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The neighbourhood is established by bearing in mind the number of cells affected by one
central cell. In this work, one cell may affect another as long as they are within ℎ of distance
from one another. As it can be seen in Figure 3, not all cells are affected the same by the
central cell, being that the farthest ones are only affected partially. Within one
neighbourhood, two different sets of neighbours appear; the near neighbours (𝑖 ± 𝛾𝑖 , 𝑗 ± 𝛾𝑗 )
must share one of its sides with the central cell, while a distant neighbour (𝑖 ± 𝛿𝑖 , 𝑗 ± 𝛿𝑗 ) has
two associated near neighbours, as shown in Figure 4. Given an even central cell, the
neighbourhood has the following configuration:
𝑁𝛾𝑝=1 = {[𝑖, 𝑗 − 1], [𝑖 − 1, 𝑗], [𝑖, 𝑗 + 1], [𝑖 + 1, 𝑗 + 1], [𝑖 + 1, 𝑗], [𝑖 + 1, 𝑗 − 1]}

(7)

𝑁𝛿𝑝=1 = {[𝑖 − 1, 𝑗 − 1], [𝑖 − 1, 𝑗 + 1], [𝑖, 𝑗 + 2], [𝑖 + 2, 𝑗 + 1],
[𝑖 + 2, 𝑗 − 1], [𝑖, 𝑗 − 2]}

(8)

Conversely, an odd central cell has the following neighbourhood configuration:
𝑁𝛾𝑝=0 = {[𝑖 − 1, 𝑗 − 1], [𝑖 − 1, 𝑗], [𝑖 − 1, 𝑗 + 1], [𝑖, 𝑗 + 1], [𝑖 + 1, 𝑗], [𝑖, 𝑗 − 1]}

(9)

𝑁𝛿𝑝=0 = {[𝑖 − 2, 𝑗 − 1], [𝑖 − 2, 𝑗 + 1], [𝑖, 𝑗 + 2], [𝑖 + 1, 𝑗 + 1],
[𝑖 + 1, 𝑗 − 1], [𝑖, 𝑗 − 2]}

(10)

Figure 3. Approximate radius of interaction
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𝑆𝑖𝑗𝑡 stands for the state of an individual cell (𝑖, 𝑗) at a specific point in time 𝑡. This parameter
is defined by the cell relative temperature 𝑇 and its amount of fuel 𝑓. The cell is considered
to be burning when:
𝑆𝑖𝑗𝑡 ≥ 𝑇𝑖𝑔𝑛 and

(11)

0 < 𝑓(𝑆𝑖𝑗𝑡 ) ≤ 𝐹𝑚𝑎𝑥

(12)

𝑇𝑖𝑔𝑛 stands for the temperature at which the fire is ignited, while 𝐹𝑚𝑎𝑥 describes the
maximum amount of fuel one cell can hold. The temperature will continue to increment while
there is fuel until it reaches its maximum temperature, 𝑇𝑚𝑎𝑥 . By the time the fuel runs out,
the cell state changes to completely burnt and thus it starts to cool down, depending on the
ambient temperature 𝑇𝑎𝑚𝑏 surrounding the cell.

(a)

(b)

Figure 4. (a) Odd central cell neighbourhood. (b) Even central cell neighbourhood.
This property is what defines the fire propagation and the overall behaviour of the model,
discretised by a local transition rule 𝑠 that outputs the cell state for the following timestep
𝑡 + ∆𝑡:
𝑆𝑖𝑗𝑡+∆𝑡 = 𝑠(𝑆𝑖𝑗𝑡 , 𝑆𝛾𝑡 , 𝑆𝛿𝑡 ),−{𝛾, 𝛿} ∈ 𝑁
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(13)

Temperature and energy are two directly proportional physical quantities, whose relation can
be manipulated to model the fuel consumption rate depending on the cell’s temperature,
given that:
𝑓(𝑇𝑚𝑎𝑥 ) = 0 and

(14)

𝑓(𝑇𝑖𝑔𝑛 ) = 𝐹𝑚𝑎𝑥

(15)

Bearing in mind the set of rules imposed by equations (14) and (15):
𝐹𝑚𝑎𝑥
𝑇𝑚𝑎𝑥 − 𝑇𝑖𝑔𝑛
𝐹𝑚𝑎𝑥 = −𝑘 ∙ 𝑇𝑖𝑔𝑛 + 𝑏
{
⟺
𝐹𝑚𝑎𝑥
0 = −𝑘 ∙ 𝑇𝑚𝑎𝑥 + 𝑏
𝑏=
𝑇𝑖𝑔𝑛
1
−
{
𝑇𝑚𝑎𝑥
𝑘=

(16)

An unburnt cell is completely fuelled, until it reaches the ignition temperature, causing the
fuel quantity to decrease linearly. When the cell reaches its maximum temperature, the fuel
runs out, causing the cell’s temperature to decline:
1,
𝑓(𝑆𝑖𝑗𝑡 ) = −
{

𝐹𝑚𝑎𝑥
∙ 𝑆𝑡 +
𝑇𝑚𝑎𝑥 − 𝑇𝑖𝑔𝑛 𝑖𝑗

𝐹𝑚𝑎𝑥
,
𝑇𝑖𝑔𝑛
1−𝑇
𝑚𝑎𝑥

0 ≤ 𝑆𝑖𝑗𝑡 ≤ 𝑇𝑖𝑔𝑛
𝑇𝑖𝑔𝑛 < 𝑆𝑖𝑗𝑡 ≤ 𝑇𝑚𝑎𝑥

(17)

The cellular automata-based model considers external factors that may affect the
propagation whether by acting as a catalyst or as a blockage. Such factors are the rate of
spread 𝑅, topography 𝑀 and wind 𝑊. Although these factors may not be an intrinsic property
of the cell, the nature of the model imposes them to be considered in this format.
{𝑅, 𝑀, 𝑊} ∈ ℝ
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(18)

The rate of spread 𝑅 depends on the vegetation present in the cell and how flammable it is,
indicating the time that takes for one cell to be completely burnt out. This property also
characterises the homogeneity of the area. If the rate of spread is equal in all cells, the forest
is considered homogeneous. Otherwise, the forest is heterogeneous. The heterogeneity may
vary between highly flammable to completely incombustible, depending on the type of fuel.
The influence of this factor is the output 𝜌 ∈ ℝ to function 𝑟:
𝜌 = 𝑟(𝑅𝑖𝑗 , 𝑅𝑁𝛾 , 𝑅𝑁𝛿 )

(19)

Topography 𝑀 describes terrain irregularity by attributing a relative altitude to each cell,
ranging from completely flat to a mountainous forest. The influence of this factor is the output
𝜏 ∈ ℝ to function 𝑚:
𝜏 = 𝑚(𝑀𝑖𝑗 , 𝑀𝑁𝛾 , 𝑀𝑁𝛿 )

(20)

Wind 𝑊 stands for the wind factor in the cell, defining its speed and direction by attributing
a weight to each cell. The influence of this factor is the output 𝜔 ∈ ℝ to function 𝑤:
𝜔 = 𝑤(𝑊𝑖𝑗 , 𝑊𝑁𝛾 , 𝑊𝑁𝛿 )

(21)

Having all the properties described, the local transition rule 𝑠 is given by the sum of the central
cell’s state plus the states of the neighbour cells, both near (𝑁𝛾 ) and distant (𝑁𝛿 ). The external
factors of each individual cell are also considered and affect the propagation. Considering that
the cell’s fuel contents are within 0 < 𝑓(𝑆𝑖𝑗𝑡 ) ≤ 𝐹𝑚𝑎𝑥 :

𝑆𝑖𝑗𝑡+Δ𝑡 = 𝑠 (𝑆𝑖𝑗𝑡 + ∑ 𝑆𝑁𝑡 𝛾 ∙ 𝜌𝑁𝛾 ∙ 𝜏𝑁𝛾 ∙ 𝜔𝑁𝛾 + ∑ 𝑆𝑁𝑡 𝛿 ∙ 𝜌𝑁𝛿 ∙ 𝜏𝑁𝛿 ∙ 𝜔𝑁𝛿 )
𝑁𝛾

𝑁𝛿
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(22)

Else, when the fuel content is 𝑓(𝑆𝑖𝑗𝑡 ) = 0, the cell’s state changes to completely burnt and
starts decreasing its temperature according to Newton’s Law of Cooling:
𝑆𝑖𝑗𝑡+Δ𝑡 = 𝑠(𝑡) = 𝑇𝑎𝑚𝑏 + (𝑆𝑖𝑗𝑡 − 𝑇𝑎𝑚𝑏 ) ∙ 𝑒 −𝜆∙𝑡

(23)

Where 𝑇𝑎𝑚𝑏 stands for the mean temperature around the central cell and where a percentage
of that is transferred across cells, depending on the neighbourhood type:

𝑇𝑎𝑚𝑏 =

∑𝑁𝛾 𝑆𝑁𝑡 𝛾
6

∙ 𝜇𝑁𝛾 +

∑𝑁𝛿 𝑆𝑁𝑡 𝛿
6

∙ 𝜇𝑁 𝛿

(24)

Some variables, such as 𝜆, 𝜇𝑁𝛾 and 𝜇𝑁𝛿 need to be adapted specifically for each situation in
order to get a better approximation to a real-life scenario, as 𝜆 stands for a material property
and 𝜇 accounts for the energy loss through conduction.

3.2.

Wildfire Propagation Model Description

3.2.1. Homogenous, Flat Forest with no Wind Fronts Case
Consider a 𝑙 × c hexagonal grid simulating a homogeneous, flat forest with no wind front and
only one fully burnt out cell (𝑖, 𝑗) at its centre, as shown in Figure 5. The discrete timestep Δ𝑡
is set by the minimum amount of time for one cell to be completely burnt out, considering
that the cell is unburnt in the previous timestep:

Δ𝑡 =

ℎ √3 ∙ 𝑎
=
𝑅
𝑅
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(25)

Figure 5. Model initial conditions
As it was already established, the near neighbouring cells are fully within the radius of
interaction ℎ, which means these cells will be completely burnt in the following timestep.
Conversely, the distant neighbouring cells will only be partially affected, given that the radius
of interaction does not fully cover the distant cell’s area, as it can be seen in Figure 3. The
hexagon area 𝐴𝑇 is given by:

𝐴𝑇 =

3 ∙ √3 2
∙𝑎
2

(26)

As it can be verified in the minimal distance between a central cell and one of its distant
neighbouring cells is equal to 𝑎, which is the cell’s side length. The radius of the circular sector
𝑟𝑎 is equal to:
𝑟𝑎 = ℎ − 𝑎 = √3 ∙ 𝑎 − 𝑎 = (√3 − 1) ∙ 𝑎
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(27)

Figure 6. Representation of the circular sector 𝐴𝑃
Consequently, the circular sector area 𝐴𝑃 is calculated as follows:
2∙𝜋
∙ 𝑟𝑎 2 2 ∙ 𝜋
3
𝐴𝑃 =
=
∙ (2 − √3) ∙ 𝑎2
2
3

(28)

The result of dividing the circular sector area 𝐴𝑃 by the total area 𝐴𝑇 is the portion of terrain
affected by the central cell state and is given by a factor 𝜂:
2∙𝜋
∙ (2 − √3) ∙ 𝑎2 4 ∙ 𝜋
𝐴𝑃
3
=
=
∙ (2 ∙ √3 − 3) = 𝜂
𝐴𝑇
27
3 ∙ √3 2
2 ∙𝑎

(29)

Once all conditions regarding the local transition rule are met, a homogeneous flat forest with
no wind fronts can be described by the following equation:

𝑆𝑖𝑗𝑡+Δ𝑡 = 𝑠 (𝑆𝑖𝑗𝑡 + ∑ 𝑆𝑁𝑡 𝛾 + 𝜂 ∙ ∑ 𝑆𝑁𝑡 𝛿 )
𝑁𝛾
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𝑁𝛿

(30)

The rules set regarding fuel consumption in equations (23) and (24) remain as described since
there is not any interference to what was already exposed.

3.2.2. Heterogenous Forest with Irregular Terrain and Wind Fronts Case
Similarly to the already illustrated case, consider a 𝑙 × c hexagonal grid simulating a
heterogeneous forest with irregular terrain and a wind front and only one fully burnt out cell
(𝑖, 𝑗) at its centre, as shown in Figure 5. This time around, to calculate the minimum amount
of time for one cell to be completely burnt out, the maximum rate of spread needs to be
accounted for as follows:

Δ𝑡 =

ℎ
√3 ∙ 𝑎
=
max {𝑅} max {𝑅}

(31)

Let the central cell’s rate of spread 𝑅𝑖𝑗 be lower to the maximum rate of spread 𝑅𝑚𝑎𝑥
(𝑅𝑚𝑎𝑥 ≥ 𝑅𝑖𝑗 ). The central cell’s rate of spread dictates the amount of time for it to become
completely burnt. The radius of interaction can be calculated as follows:

𝐿 = 𝑅𝑖𝑗 ∙ Δ𝑡 =

𝑅𝑖𝑗
∙ √3 ∙ 𝑎
𝑅𝑚𝑎𝑥

(32)

From equation (32), two different scenarios arise as it can be verified in Figure 7. Depending
on the rates of spread from the central cell and the near neighbours, the radius of interaction
𝐿 might be higher or lower to the cell’s side length 𝑎. Given that 𝐿 ≤ 𝑎, it is discretised as
follows:

𝐿≤𝑎⇔

𝑅𝑖𝑗
√3
∙ √3 ∙ 𝑎 ≤ 𝑎 ⟺ 𝑅𝑖𝑗 ≤
∙ 𝑅𝑚𝑎𝑥
𝑅𝑚𝑎𝑥
3
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(33)

Considering that the imposition from equation (33) is met, the affected area 𝐴𝑃 from the near
neighbour is:
𝜋 2
∙𝐿
𝐴𝑃 = 𝑎 ∙ 𝐿 + 2 ∙ 6
⇔
2
2
𝑅𝑖𝑗
𝜋
(
∙
∙
∙
𝑎)
𝑅𝑖𝑗
6 𝑅𝑚𝑎𝑥 √3
⇔ 𝐴𝑃 = 𝑎 ∙ (
∙ √3 ∙ 𝑎) + 2 ∙
𝑅𝑚𝑎𝑥
2

⇔ 𝐴𝑃 =

(34)

𝑅𝑖𝑗
𝜋 𝑅𝑖𝑗
)
∙ 𝑎2 ∙ (√3 + ∙
𝑅𝑚𝑎𝑥
2 𝑅𝑚𝑎𝑥

The coefficient between the affected area 𝐴𝑃 and the cell area 𝐴𝑇 is one of the outputs 𝜌 to
the rate of spread function 𝑟, which is:
𝑅𝑖𝑗
𝜋 𝑅𝑖𝑗
2
𝐴𝑃 𝑅𝑚𝑎𝑥 ∙ 𝑎 ∙ (√3 + 2 ∙ 𝑅𝑚𝑎𝑥 )
𝜌=
=
⇔
𝐴𝑇
3 ∙ √3 2
2 ∙𝑎
⇔𝜌=

(35)

2 ∙ √3 𝑅𝑖𝑗
𝜋 𝑅𝑖𝑗
)
∙
∙ (√3 + ∙
9
𝑅𝑚𝑎𝑥
2 𝑅𝑚𝑎𝑥

Alternatively, the radius of interaction could be higher than the cell’s side length (𝐿 > 𝑎),
which results in the following constraint:

𝐿>𝑎⇔

𝑅𝑖𝑗
√3
∙ √3 ∙ 𝑎 > 𝑎 ⟺ 𝑅𝑖𝑗 >
∙ 𝑅𝑚𝑎𝑥
𝑅𝑚𝑎𝑥
3
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(36)

Once again, considering that the constraint presented in equation (36) is met, the affected
area 𝐴𝑃 from the near neighbour is:

𝐴𝑃 = 2 ∙

𝜋
𝐿 ∙ 𝑠𝑖𝑛 ( 6 − 𝜃) ∙ 𝑎
2

𝜃 ∙ 𝐿2
+2∙
+𝑎∙𝐿 ⇔
2

2
𝑅𝑖𝑗
𝑅𝑖𝑗
𝜋
(
∙ √3 ∙ 𝑎) ∙ 𝑠𝑖𝑛 ( − 𝜃) ∙ 𝑎
𝜃∙(
∙ √3 ∙ 𝑎)
𝑅𝑖𝑗
𝑅
6
𝑅𝑚𝑎𝑥
⇔ 𝐴𝑃 = 2 ∙ 𝑚𝑎𝑥
+2∙
+𝑎∙(
∙ √3 ∙ 𝑎)
2
2
𝑅𝑚𝑎𝑥

⇔ 𝐴𝑃 =

(37)

𝑅𝑖𝑗
𝑅𝑖𝑗
𝜋
∙ √3 ∙ 𝑎2 ∙ [𝑠𝑖𝑛 ( − 𝜃) + √3 ∙ 𝜃 ∙
+ 1]
𝑅𝑚𝑎𝑥
6
𝑅𝑚𝑎𝑥

Where 𝜃 is an angle which varies between 0 ≤ 𝜃 < 𝜋⁄6, according to the value of the fraction
𝑅𝑖𝑗
√3
⁄𝑅
, 𝑅𝑖𝑗 > 3 ∙ 𝑅𝑚𝑎𝑥 . As it can be seen in Figure 8, 𝜃 can be discretised by applying the
𝑚𝑎𝑥
law of sines:
𝑎
𝐿
=
⇔
𝜋
𝑠𝑖𝑛 ( 6 + 𝜃) 𝑠𝑖𝑛 (2 ∙ 𝜋)
3
𝑅𝑖𝑗
𝑎
𝑅𝑚𝑎𝑥 ∙ √3 ∙ 𝑎
⇔
=
𝜋
√3
𝑠𝑖𝑛 (6 + 𝜃)
2
𝜋
𝑅𝑚𝑎𝑥
⇔ 𝑠𝑖𝑛 ( + 𝜃) =
6
2 ∙ 𝑅𝑖𝑗
𝑅𝑚𝑎𝑥
𝜋
⇔ 𝜃 = 𝑎𝑟𝑐𝑠𝑖𝑛 (
) − , −0 ≤ 𝜃 < 𝜋⁄6
2 ∙ 𝑅𝑖𝑗
6
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Then again, the last step is to calculate the second output 𝜌 to the rate of spread function 𝑟,
which is:
𝑅𝑖𝑗
𝑅𝑖𝑗
𝜋
𝑅
𝜋
𝑅
𝜋
∙
∙ 𝑎2 ∙ [𝑠𝑖𝑛 ( − 𝑎𝑟𝑐𝑠𝑖𝑛 ( 𝑚𝑎𝑥 ) + ) + √3 ∙ (𝑎𝑟𝑐𝑠𝑖𝑛 ( 𝑚𝑎𝑥 ) − ) ∙
+ 1]
6
2 ∙ 𝑅𝑖𝑗
6
2 ∙ 𝑅𝑖𝑗
6 𝑅𝑚𝑎𝑥
𝐴𝑃 𝑅𝑚𝑎𝑥 √3
𝜌=
=
⇔
𝐴𝑇
3 ∙ √3 2
∙𝑎
2

⇔𝜌=

2 𝑅𝑖𝑗
𝜋
𝑅𝑚𝑎𝑥
𝑅𝑚𝑎𝑥
𝜋
𝑅𝑖𝑗
∙
∙ [𝑠𝑖𝑛 ( − 𝑎𝑟𝑐𝑠𝑖𝑛 (
)) + √3 ∙ (𝑎𝑟𝑐𝑠𝑖𝑛 (
)− )∙
+ 1]
3 𝑅𝑚𝑎𝑥
3
2 ∙ 𝑅𝑖𝑗
2 ∙ 𝑅𝑖𝑗
6
𝑅𝑚𝑎𝑥

(a)

(b)

Figure 7. Spread rate representation for (a) 𝐿 ≤ 𝑎 and (b) 𝐿 > 𝑎
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(39)

𝑎
𝐿

Figure 8. Detail in the rate of spread representation
The last scenario in need of discretising in function of the rates of spread applies to the distant
neighbours, which can be done similarly to the homogeneous case already described and
shown in Figure 6. In this particular case, the radius of the circular sector 𝑟𝑎 must take into
account radius of interaction given by 𝐿 as well as the associated near neighbour with the
highest rate of spread and thus, the one which bridges the fire propagation between the
central cell and the distant neighbour:

𝑟𝑎 = 𝐿 − 𝑅𝑖𝑗 ∙ Δ𝑡 =

𝑅𝑖𝑗
𝑎
1
√3
∙ √3 ∙ 𝑎 − 𝑅𝑖𝑗 ∙
= 𝑅𝑖𝑗 ∙ 𝑎 ∙ (
−
)
𝑅𝑚𝑎𝑥
𝑅
𝑚𝑎𝑥
𝑚𝑎𝑥 {𝑅𝑁𝛾1 , 𝑅𝑁𝛾2 }
𝑚𝑎𝑥 {𝑅𝑁𝛾1 , 𝑅𝑁𝛾2 }

(40)

Once the radius of the circular sector is discretised, the next step is to calculate its area 𝐴𝑃 :
2

2∙𝜋
1
√3
(
)]
2∙𝜋
3 ∙ [𝑅𝑖𝑗 ∙ 𝑎 ∙ 𝑅𝑚𝑎𝑥 − 𝑚𝑎𝑥 {𝑅 , 𝑅 }
2
∙ 𝑟𝑎
𝑁𝛾1
𝑁𝛾2
𝐴𝑃 = 3
=
⇔
2
2
2

⇔ 𝐴𝑃 =

𝜋
1
√3
)
∙ 𝑅𝑖𝑗 2 ∙ 𝑎2 ∙ (
−
3
𝑅𝑚𝑎𝑥 𝑚𝑎𝑥 {𝑅 , 𝑅 }
𝑁𝛾1
𝑁𝛾2
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(41)

Finally, the last output 𝜌 to the rate of spread function 𝑟 can be found:
2

𝜌=

𝐴𝑃
=
𝐴𝑇

𝜋
1
√3
2
2
(
)
3 ∙ 𝑅𝑖𝑗 ∙ 𝑎 ∙ 𝑅𝑚𝑎𝑥 − 𝑚𝑎𝑥 {𝑅 , 𝑅 }
𝑁𝛾1
𝑁𝛾2
3 ∙ √3 2
2 ∙𝑎

⇔
(42)
2

⇔𝜌=

2 ∙ √3 ∙ 𝜋
1
√3
)
∙ 𝑅𝑖𝑗 2 ∙ (
−
27
𝑅𝑚𝑎𝑥 𝑚𝑎𝑥 {𝑅 , 𝑅 }
𝑁𝛾1
𝑁𝛾2

After discretising each one of the outputs 𝜌 to the rate of spread function 𝑟, it can be
expressed by:
2 ∙ √3 𝑅𝑖𝑗
𝜋 𝑅𝑖𝑗
∙
∙ (√3 + ∙
),
9
𝑅𝑚𝑎𝑥
2 𝑅𝑚𝑎𝑥
𝑅𝑖𝑗
2 𝑅𝑖𝑗
𝜋
𝑅𝑚𝑎𝑥
𝑅𝑚𝑎𝑥
𝜋
∙
∙ [𝑠𝑖𝑛 ( − 𝑎𝑟𝑐𝑠𝑖𝑛 (
+ 1] ,
)) + √3 ∙ (𝑎𝑟𝑐𝑠𝑖𝑛 (
)− )∙
𝜌 = 3 𝑅𝑚𝑎𝑥
3
2 ∙ 𝑅𝑖𝑗
2 ∙ 𝑅𝑖𝑗
6 𝑅𝑚𝑎𝑥

𝑅𝑖𝑗 ≤

√3
∙ 𝑅𝑚𝑎𝑥
3

𝑅𝑖𝑗 >

√3
∙ 𝑅𝑚𝑎𝑥
3

2

{

2 ∙ √3 ∙ 𝜋
1
√3
∙ 𝑅𝑖𝑗 2 ∙ (
−
) ,
27
𝑅𝑚𝑎𝑥 𝑚𝑎𝑥 {𝑅 , 𝑅 }
𝑁𝛾1
𝑁𝛾2

27

𝑁 ∈ 𝑁𝛿

(43)

An important remark to take into account is that all the equations discretised until equation
(43) are valid and coherent for both the homogenous and heterogeneous forests cases.
Considering that the forest is homogeneous and thus 𝑅𝑖𝑗 = 𝑅𝑚𝑎𝑥 :

𝜌=

𝑅𝑖𝑗
𝑅𝑖𝑗
2 𝑅𝑖𝑗
𝜋
𝜋 𝑅𝑖𝑗
∙
∙ [𝑠𝑖𝑛 ( − 𝑎𝑟𝑐𝑠𝑖𝑛 (
+ 1] ,
)) + √3 ∙ (𝑎𝑟𝑐𝑠𝑖𝑛 (
)− )∙
3 𝑅𝑖𝑗
3
2 ∙ 𝑅𝑖𝑗
2 ∙ 𝑅𝑖𝑗
6 𝑅𝑖𝑗

𝑅𝑖𝑗 >

√3
∙ 𝑅𝑖𝑗
3

2

2 ∙ √3 ∙ 𝜋
1
√3
∙ 𝑅𝑖𝑗 2 ∙ ( − ) ,
27
𝑅𝑖𝑗 𝑅𝑖𝑗

{

2
𝜋 𝜋
𝜋 𝜋
∙ [𝑠𝑖𝑛 ( − ) + √3 ∙ ( − ) + 1] ,
3
3 6
6 6
⟺𝜌=
2 3 − 2 ∙ √3 + 1
2 ∙ √3 ∙ 𝜋
∙ 𝑅𝑖𝑗 ∙ (
),
2
27
𝑅
2
𝜋
∙ [𝑠𝑖𝑛 ( ) + 1] ,
3
6
2 ∙ √3 ∙ 𝜋
{

⟺𝜌=

27

∙ (3 − 2 ∙ √3 + 1) ,
1,

4∙𝜋
∙ (2 ∙ √3 − 3) = 𝜂,
{ 27

𝑁 ∈ 𝑁𝛿
√3

3

𝑁 ∈ 𝑁𝛿

𝑖𝑗

{

⟺𝜌=

1>

1>

⟺

(44)

√3

3

𝑁 ∈ 𝑁𝛿
1>

√3

3
𝑁 ∈ 𝑁𝛿

The topography of terrain is an extremely important factor to take into consideration when
planning measures to combat a wildfire, given that it greatly affects its propagation,
depending on the slope. Function 𝑚 characterises the rate of fire spread according to the
terrain slope function 𝛽. This function incorporates the difference in height from
neighbouring cells and increases its rate of spread when climbing an upwards slope and
retards it when the opposite happens:
𝑀𝑖𝑗 < 𝑀𝑁 → 𝛽(𝑥) > 1
{ 𝑀𝑖𝑗 = 𝑀𝑁 → 𝛽(𝑥) = 1
𝑀𝑖𝑗 > 𝑀𝑁 → 0 < 𝛽(𝑥) < 1
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(45)

The output 𝜏 to function 𝑚 directly uses the value outputted by function 𝛽 when the fire is
spreading from the central cell to one of its near neighbours and finds the mean value from
the central cell with the near associated cells and with distant neighbour cell:
𝛽(𝑀𝑖𝑗 − 𝑀𝑁𝛾 ),

𝑁 ∈ 𝑁𝛾

𝜏 = 𝛽 (𝑀 − 𝑀 ) + 𝛽 (𝑀 − 𝑀 ) + 𝛽 (𝑀 − 𝑇 ) + 𝛽 (𝑀 − 𝑇 )
𝑖𝑗
𝑁𝛾1
𝑖𝑗
𝑁𝛾2
𝑁𝛾1
𝑁𝛿
𝑁𝛾2
𝑁𝛿
,
{
4

𝑁 ∈ 𝑁𝛿

(46)

Function 𝛽 should be calibrated and revised for each specific type of topography.
Nevertheless, to test the model the following function was applied (Hernández Encinas et al.
2007):
𝑒𝑥,
𝛽(𝑥) = {
√𝑥
1+
,
5

𝑥<0

(47)

𝑥≥0

Notice that if the forest is flat the model still applies, as it is possible to evidence:
𝛽(0) = 1,
𝜏 = {4 ∙ 𝛽(0)
= 1,
4
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𝑁 ∈ 𝑁𝛾
𝑁 ∈ 𝑁𝛿

(48)

The wind factor attributes weights to the central cell’s neighbours according to its speed and
direction. For the sake of argument, if the wind is blowing from the west to the east at a
constant speed 𝑣, the weights are distributed as it is shown in Figure 9:
𝑊 = 1,

𝑊 ∈ {𝑊𝑁𝛾 , 𝑊𝑁𝛿 }

𝑊 = 𝜈,

𝑊 ∈ {𝑊𝑁𝛾 , 𝑊𝑁𝛿 }

(i, j)

Figure 9. Linear wind front representation
Having discretised all the factors it is possible to conclude that the simplest case of a
homogeneous, flat forest with no wind fronts is a particular circumstance which can be
derived from the general case described throughout this subsection. Considering that the
cell’s fuel content is within 0 < 𝑓(𝑆𝑖𝑗𝑡 ) ≤ 𝐹𝑚𝑎𝑥 :

𝑆𝑖𝑗𝑡+Δ𝑡 = 𝑠 (𝑆𝑖𝑗𝑡 + ∑ 𝑆𝑁𝑡 𝛾 ∙ 𝜌𝑁𝛾 ∙ 𝜏𝑁𝛾 ∙ 𝜔𝑁𝛾 + ∑ 𝑆𝑁𝑡 𝛿 ∙ 𝜌𝑁𝛿 ∙ 𝜏𝑁𝛿 ∙ 𝜔𝑁𝛿 )
𝑁𝛾

(49)

𝑁𝛿

Otherwise, the cell decreases its temperature according to equation (23):
𝑆𝑖𝑗𝑡+Δ𝑡 = 𝑇𝑎𝑚𝑏 + (𝑆𝑖𝑗𝑡 − 𝑇𝑎𝑚𝑏 ) ∙ 𝑒 −𝜆∙𝑡

30

(50)

4. Results, Analysis, Discussion
The cellular automata-based fire propagation model considers a set of factors that adjust its
behaviour according to the user-defined inputs. The inputs do not have any links to real
physics; however, the intent is to showcase the model capabilities and flexibility in adapting
to diverse situations. The following table compiles the unchanged variables throughout the
whole batch of simulations:
𝑙×𝑐
𝑎
𝑅𝑢𝑛𝑡𝑖𝑚𝑒
𝑇𝑖𝑔𝑛

=
=
=
=

101 × 101 𝑐𝑒𝑙𝑙𝑠
1𝑚
25 𝑚𝑖𝑛
50 ℃
𝑇𝑚𝑎𝑥 = 700 ℃
𝐹𝑚𝑎𝑥 = 100 %
𝜇𝛾 = 0.6
𝜇𝛿 = 0.2
Table 1. Variables used in all simulations
The cell state and overall fire propagation can be easily identified by attributing a defined
colour to cell’s temperature and fuel percentage. Refer back to Figure 10 and Figure 11 for a
better understanding of the model’s response.

𝑇𝑎𝑚𝑏

+70

+140

+210

+280

+350

+420

+490

+560

+630

+700

20

10

0

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 (℃)

Figure 10. Relative temperature colour bar
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4.1.

Case 1: Homogeneous, Flat Forest without Wind Fronts

A homogeneous, flat forest without wind fronts is the simplest and most detached from
reality case as it represents an ideal scenario without any external inputs that would alter the
fire propagation in any significant manner. The model’s run time is set for 25 minutes, with
timesteps dependent on the rate of spread. In Figure 12 it is possible to observe how the
model evolves at approximately 𝑡 = {0, 5, 10, 15, 20, 25} minutes. Consider the following
properties:
𝑅 = 1 𝑚/𝑚𝑖𝑛
Δ𝑡 = 1.7321 𝑚𝑖𝑛
𝜆 = 1/Δ𝑡 𝑚𝑖𝑛−1
Table 2. Case 1 simulation variables

(a)

(b)
Figure 12. Case 1 (a) Temperature map (b) Fuel map
As expected, the fire propagates equally and steadily in all directions, forming a circular shape.
This would not be possible without the hexagonal shaped cell paired with a fine mesh which
creates a very good approximation of a circle. At 𝑡 ≈ 10 𝑚𝑖𝑛, the central cells become
completely burnt, which prompts the temperature to drop at 𝑡 ≈ 15 𝑚𝑖𝑛 and thus creating
a ring of cells that are still burning and further spreading the fire front. In the same way, as
time moves forward, the burnt area grows from inwards to outwards.
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4.2.

Case 2: Heterogeneous, Flat Forest without Wind Fronts

The heterogeneous, flat forest without with fronts scenario brings the simulation closer to a
real-life scenario as introduces more than one variety of vegetation with different rates of
spread, causing the fire propagation to vary, as it can be verified in Figure 13:

Figure 13. Rate of spread map
The maximum rate of spread influences the simulation variables as follows:
Δ𝑡 = 0.8660 𝑚𝑖𝑛
𝜆 = 1/Δ𝑡 𝑚𝑖𝑛−1
Table 3. Case 2 simulation variables
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The timesteps at approximately 𝑡 = {0, 5, 10, 15, 20, 25} are shown in Figure 14:

(a)

(b)
Figure 14. Case 2 (a) Temperature map (b) Fuel map
One a first analysis, it is possible to evidence that the fire is visibly propagating towards the
right side of the map, under the higher rates of spread defined. The left side appears to spread
equally in all directions, forming a semi-circle. Another glaring contrast to the previous
simulation is the burnt area, which grows at a higher rate, given that the simulations are
shown at the same points in time, approximately. The central cells become fully burnt at 𝑡 ≈
5 𝑚𝑖𝑛 and thus the cells’ temperature starts decreasing at 𝑡 ≈ 10 𝑚𝑖𝑛. Lastly, a ring of fire is
formed as the timesteps move forward from inwards to outwards.

4.3.

Case 3: Homogeneous, Irregular Forest without Wind Fronts

Another factor that highly influences the rate of spread of a fire front is the slope at which
the wildfire is propagating. As it was already discussed throughout the Literature Review
section, the fire propagates faster when climbing an upwards slope and decelerates when
descending a downwards slope. A terrain with an isolated mountain was modelled as it is
possible to evidence in Figure 15 and where the remainder of the terrain is flat.
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Δ𝑡 = 1.7321 𝑚𝑖𝑛
𝜆 = 1/Δ𝑡 𝑚𝑖𝑛−1
Table 4. Case 3 simulation variables

Figure 15. Topography map

In Figure 16 it is possible to evidence the model evolution at the timesteps 𝑡 =
{0, 5, 10, 15, 20, 25}, approximately.

(a)

(b)
Figure 16. Case 3 (a) Temperature map (b) Fuel map
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During the first 𝑡 ≈ 10 𝑚𝑖𝑛, the fire propagation behaves as in the homogeneous, flat forest
with no wind fronts until it starts climbing up the mountain and its rate of spread visibly
increases, when comparing with the other half that is propagating in a flat terrain. By the time
it encounters a downwards slope, the fire propagation abruptly stops, forming the shape of
the mountain’s edges. The fuel consumption rate also appears to agree with the temperature
map, which is expected.

4.4.

Case 4: Homogeneous, Flat Forest with Wind Fronts

Although there are far more factors that may influence a wildfire from propagating as regards
to weather conditions, such as the ambient temperature, air humidity or atmospheric
pressure, the wind is one of the most important to consider and take into account. Consider
a linear wind front, blowing from the left to the right side at a speed 𝑣, as shown in Figure 9.
𝑣=
6 𝑚/𝑠
Δ𝑡 = 1.7321 𝑚𝑖𝑛
𝜆 = 1/Δ𝑡 𝑚𝑖𝑛−1
Table 5. Case 4 simulation variables
In Figure 17 it is possible to evidence the model evolution at the timesteps 𝑡 =
{0, 5, 10, 15, 20, 25}, approximately.

(a)

(b)
Figure 17. Case 4 (a) Temperature map (b) Fuel map
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From the start, the wind is pushing the fire front towards the right side of the map, creating
a distinctive shape, unlike any other simulation. At 𝑡 ≈ 10 𝑚𝑖𝑛 the central cells run out of fuel
and thus their temperatures start decreasing to go on and form the ring of fire, as expected.

4.5.

Case 5: Case 1 with an Incombustible Area

The last case considers an incombustible area, which acts as a blockage to the fire propagation
in a homogeneous forest without any other external factors.
Δ𝑡 = 1.7321 𝑚𝑖𝑛
𝜆 = 1/Δ𝑡 𝑚𝑖𝑛−1
Table 6. Case 5 simulation variables
In Figure 18 it is possible to evidence the model evolution at the timesteps 𝑡 =
{0, 5, 10, 15, 20, 25}, approximately.

(a)

(b)
Figure 18. Case 5 (a) Temperature map (b) Fuel map
The model runs in very similar conditions to Case 1, until the fire front encounters the
incombustible area, blocking its propagation in that particular direction. Nevertheless, the fire
wraps itself around the area, almost reconnecting both fronts. Since the remaining directions
are unconstrained, the wildfire propagates equally to form its expected circular shape.
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4.6.

Case Comparison

Each simulation showcased not only the model capabilities but also how the external factors
individually influence the fire propagation, as it is possible to evidence in Figure 19.

Figure 19. Burnt area evolution
According to the data collected, the burnt area appears to evolve exponentially across all
simulations. Case 2 presents a burnt area substantially higher when comparing to the other
simulations, being approximately 3 times higher than Case 1, by the time reaches 𝑡 ≈ 25 𝑚𝑖𝑛.
Topography in Case 3 seems to be the least influencing factor, being almost equal to the burnt
area in Case 1. On the other hand, the wind played a significant role in incrementing the burnt
area when comparing to Case 1. In contrast, the incombustible area in Case 5 did play a role
in blocking the burnt area by a significant amount, being the simulation with the least burnt
area.

4.7.

Model Calibration with a Physics-Based Model

To evaluate the model’s capabilities in simulating real-life events, the model was calibrated
against a physics-based model of fire propagation under similar circumstances. Given that the
CA’s governing rules are not related to the physical phenomenon being modelled, some
considerations had to be made to relate both models as closely as possible. Both models were
100×100 𝑚 homogeneous, flat forests with a wind front of 6 𝑚/𝑠 to be modelled in 100×100
cells grid. The grid also needed to be adjusted, as the CA-based model uses a hexagonal grid
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as far as FireProM-F considers a square grid. Considering the constraints presented, the cell
side length, 𝑎, was calculated to match the exact area needed. The rate of spread also needed
to be estimated, as the physics-based model does not have a rule that exactly matches the
CA-based model’s rule. As such, the rate at which the radius of the fire front increases in
function of time was taken to be the rate of spread. Other parameters have been estimated
as it is possible to evidence in Table 7. The only variable that was calibrated was the radius of
interaction that can be discretised as being 𝜂 from the local transition rules, as shown in
equation (51):

(51)

𝑆𝑖𝑗𝑡+Δ𝑡 = 𝑠 (𝑆𝑖𝑗𝑡 + ∑ 𝑆𝑁𝑡 𝛾 ∙ 𝑊𝑁𝛾 + 𝜂 ∙ ∑ 𝑆𝑁𝑡 𝛿 ∙ 𝑊𝑁𝛿 )
𝑁𝛾

𝑁𝛿

For instance, 𝜂 is constrained by a defined boundary. Given the variable to calibrate, the
objective function, 𝑒, to minimise is the squared difference between FireProM-F burnt area,
𝐴𝑟𝑒𝑓 , and the CA-based model burnt area, 𝐴𝑏 .
(52)

𝑀𝑖𝑛𝑖𝑚𝑖𝑠𝑒 𝑒 = (𝐴𝑟𝑒𝑓 − 𝐴𝑏 )2 , −𝜂 ∈ [0, 1]

𝐴𝐺
(𝑚2 )

𝐴𝑟𝑒𝑓
(𝑚2 )

𝑡
(𝑚𝑖𝑛)

𝑙×𝑐

𝑎
(𝑚)

𝑅
(𝑚/𝑚𝑖𝑛)

𝑊
(𝑚/𝑠)

𝑇𝑚𝑎𝑥
(℃)

𝑇𝑖𝑔𝑛
(℃)

𝐹𝑚𝑎𝑥
(𝐽/𝑚2 )

100×100

650

5

100×100

0.620403

2.5427

6

1007.85

95.75

10×106

Table 7. Model conditions for calibration
After one iteration, the optimiser found that both satisfied the constraints and minimised the
objective function 𝑒, given by:
𝑒 = 64
𝜂 = 0.1188
Table 8. Solution found by the optimiser
The optimiser ran one more simulation with the updated value found in the previous one to
conclude that the point is a local minimum and thus the solution that best fits the calibrated
model.
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As it is possible to verify in Figure 20. Time v Burnt Area - Model Calibration Results, the
calibrated model considerably reduces its burnt area rate, compared to its behaviour before
the calibration was carried out. The CA-based model consistently undershoots the burnt area
when comparing to the physics-based model, FireProM-F, except at 𝑡 ≈ 4.4 𝑚𝑖𝑛 when the
uncalibrated function surpasses the physics-based model prediction by a considerable
margin. The error is minimum at 𝑡 ≈ 5 𝑚𝑖𝑛, when the calibrated model’s burnt area is almost
equal to the physics-based model prediction.

Nonetheless, the burnt area in both models

grows at an exponential rate, approximately.

Figure 20. Time v Burnt Area - Model Calibration Results
In Figure 21 is possible to observe a comparison between the uncalibrated model, the
calibrated model and the fire front produced by FireProM-F outlined in red. As expected, the
fire front from the calibrated model is narrower than before it was calibrated. However, the
model is prone to distorting the fire front shape, possibly due to the cell’s hexagonal shape.
On the other hand, the physics-based model produces an elliptical-shaped fire front.
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Figure 21. Visual comparison between the CA-based model and FireProM-F: (a) uncalibrated
model (b) calibrated model

4.8.

Model Performance

The cellular automata-based model was written in MATLAB and the computer used to run the
simulations has an Intel Core i7-4710HQ/2.5 GHz processor with 8 GB of RAM. There is plenty
of room for performance optimisation, as a 100×100 cell grid with a runtime set at 5 minutes
takes approximately 20 minutes to run a complete simulation. However, for smaller grids, the
simulation becomes exponentially faster, at the cost of the model’s accuracy.
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5. Conclusion & Future Recommendations
Wildfires are a devastating natural disaster with severe repercussions on an economical,
political, social and environmental levels (Gouveia Freire and Castro Dacamara 2019).
Characterised by an intrinsic unpredictability and apparent randomness due to being an
extremely complex physical phenomenon, modelling it might seem like a daunting task to
carry out. Nevertheless, multiple proposals have been made over the years. Theoretical
models present highly realistic and precise simulations of fire propagation, such as FireProMF (Grasso and Innocente 2020). However, this physics-based approach comes at the cost of
being computationally costly due to the system’s governing laws being modelled after
discretised partial differential equations. Moreover, the physical phenomenon complexity
transpires over to the model, creating a barrier between it and its user, which is required to
be an expert on the subject to successfully extract any kind of relevant information.
Mechanistic surrogate models, such as FARSITE (Finney 1999) suffer from being extremely
complex to model, although the governing laws of the system are not entirely physics-based,
but a vector-based approach inspired by Huygens’ principle. Nonetheless, it is a high-fidelity
model of fire propagation with proven capabilities after being calibrated and validated against
real-life data from wildfires. As expected, the trade-off between realism and efficiency comes
in favour of the first one. Cellular automata models are arguably the most limited in terms of
their capabilities. The model considers a discrete view of space and time and the governing
laws range from vaguely to completely unrelated to the physical phenomena at hand. Still, it
demonstrated being able to model complexity with few inputs and fairly simple concepts to
grasp. From a human factors’ perspective, cellular automata models are the most effective at
being user friendly and, most importantly conveying palpable information. Furthermore, the
model has an extremely low computational cost. In fact, this particular characteristic comes
across as extremely advantageous when designing an autonomous fleet of self-organising
drones to operate in hazardous environments (Innocente and Grasso 2019). Such
technologies are becoming more and more a reality, as it massively reduces the risk of death
and injury by the ones who directly intervene in the theatre of operations of a wildfire with
the added benefit of grasping previously inaccessible areas. Such technology must meet an
array of design criteria to be acquired by fire management authorities. One of the most
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important to consider is weight, which must be minimal. As a consequence, its processing
power is limited to a certain degree which may not permit the use of computationally
expensive models to predict fire propagation and adjust its behaviour accordingly. For that
reason, the cellular automata model might qualify as a strong contender to be implemented
in such technologies. Although incapable of providing painstakingly accurate data, it is
extremely competent in delivering a somewhat good guess in the fraction of the time that a
more intricate model would ever provide.
This report aimed at capturing the main developments in research regarding fire propagation
models, starting by providing a general look into a sample of different approaches, from
theoretical to mechanistic models, to gain a broader view and contextualise the current state
of the art. The focus then shifted to an array of proposals in the field of cellular automatabased models. From purely mechanistic to admitting some degree of stochasticity, each
proposal builds upon their predecessors and present different views regarding the same fire
propagation models. Based in the literature review, the model described in this report
comprises elements from already established models in the scientific community (Karafyllidis
and Thanailakis 1997, Quartieri et al. 2010, Hernández Encinas et al. 2007) with a novel
approach. As such, a fuel consumption system was introduced, shifting the model into a
temperature-based approach, steering closer to the real physics being modelled. The cells
burn while there is fuel and by the time it reaches its maximum temperature, the fuel energy
runs out changing the cell’s state to completely burnt. The cell then cools down in relation to
the neighbouring cells’ temperatures. As future work, it would be interesting to calibrate the
model’s cooling system and thus approximate itself closer to reality. Moreover, the external
factors were a very important component implemented within the model. The terrain
topography (Lopes, Sousa, and Viegas 1995), as well as the meteorological conditions (Pereira
et al. 2005: 11), play a fundamental role “both in the ignition and during the fire spread”. With
that thought in mind, a simplistic model of topography and wind was implemented to
evaluate how it would affect the fire propagation. Finally, forest heterogeneity was also
considered to a certain degree. As it was expected, the external factors did influence the
model’s response. A very simplistic calibration was then carried out against a physics-based
model, showing a discrepancy in results between both models. The difference in nature to
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both models was from the beginning a barrier which needed to be surpassed by estimating
certain values, such as the rate of spread or adjusting the cell area so both models had the
same number of cells and total area equal. Despite everything, the model error was reduced
and gave a very approximate estimation of the burnt area in the time that was set. The fire
front distortion was yet another source of error, which is even more complicated to avoid, as
the grid geometry highly influences its shape. At last, a code optimisation should be carried
out, as the model efficiency greatly decayed when computing for large grids paired with
lengthy runtimes.
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Overview
This User Manual is part of an MSc Individual Project titled Cellular Automata-Based Modelling of
Fire Propagation Underpinning Algorithmic Developments for Autonomous Swarms of Firefighting
Drones. In the context of the project, a cellular automata-based (CA) model of fire propagation was
built from scratch using the software MATLAB. A cellular automaton is a discrete model in space
and time, where each system is constituted by individual cells that can only interact with themselves
on a local level. Each cell has a state of its own, that can only be affected by their closest neighbours.
This state may change over time by a set of rules that govern the whole system. The model can be
described as a mechanistic surrogate model, as its governing law is not related to the physical
phenomenon being modelled.
This document aims to guide the user through the whole model and provide enough detail so that
it independently uses the program, in a simple and efficient manner. Although not required, the
reading of the main document is highly advised, providing the user with a complete and high-level
description of the model’s inner workings. For further clarification, please contact the author at
freireaf@uni.coventry.ac.uk.
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1. Model Overview
The CA-based model is comprised of 13 functions, which can be grouped into 2 distinct categories.
The first group aggregates the functions which require user input for every simulation; the second
group does not require any user input and should only be changed if the user wants to personalise
or alter the model’s backbone. Be advised that tampering with these functions without a deep
knowledge of the model’s inner workings may result in a malfunction or even a fatal error.

User Input Required:

No User Input Required:

•

initialise.m

•

forest_cell.m

•

r_spread.m

•

hexgrid.m

•

topography.m

•

propagation.m

•

winds.m

•

extra.m

•

counters.m

•

draw.m

•

colour_temp.m

•

colour_fuel.m

Table 1. CA-based model functions
A brief description of each function follows:
•

initialise.m – main function where the model runs and requires user input.

•

r_spread.m – models the rate of spread map.

•

topography.m – models the terrain topography.

•

winds.m – models the wind front.

•

forest_cell.m – defines the object and its properties.

•

hexgrid.m – models the hexagonal grid.

•

propagation.m – model backbone, where the local transition rules are computed.

•

extra.m – completes the local transition rules.

•

counters.m – counts the simulation time and burnt area.

•

draw.m – plots the model.

•

colour_temp.m – evaluates the cell temperature and attributes it a colour.

•

colour_fuel.m – evaluates the cell fuel quantity and attributes it a colour.
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Every simulation should follow the given procedure:
1. Provide the model with user-defined inputs:
a) r_spread.m
b) topography.m
c) winds.m
d) initialise.m
2. Run the model:
a) Initialise.m
3. Extract the results.

Note: every function clearly states whether there is user input required or not and where it is.
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2. Model Functions Description
2.1.

forest_cell.m

Each cell is an object with defined properties. At each timestep, the model populates and updates
the cell’s conditions in an array, based on its neighbourhood and previous state. It is advised not to
tamper with this function, such as defining external factors as it might interfere with other functions.
Each property is populated with an indicative value or an empty array that will later be changed
once the simulation starts.

2.2.

hexgrid.m

This function is defined by the number of rows and columns set by the user. For the sake of
argument, a 10×10 grid generates 100 central points. Each central point defines the vertices of each
cell, by a set of equations that loop through every central point. The set of vertices is then populated
onto forest_cell.m. to later be the input of draw.m. Does not require any kind of user input. Due to
model limitations, it only generates maps with the same number of lines as columns.

2.3.

External Factors

The next set of functions require user input for every simulation and define the maps for the rate of
spread, terrain topography and wind front, respectively.

2.3.1. r_spread.m
The rate of spread defines the forest heterogeneity and the speed for one cell to become completely
burnt by the next timestep. The timestep is defined by the maximum rate of spread. The model
comes with an exemplificative map, as shown in Figure 1. Mind that the maximum rate of spread is
evaluated at every new rate of spread until it finds the maximum. This must be considered when
editing the map.
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Figure 1. Rate of spread code
In case the user wants to model an incombustible area, it must be done using this function. An
exemplificative map is available in the model and it is commented out.

2.3.2. topography.m
This function describes the terrain topography and it works similarly to r_spread.m. The model
contains an exemplificative topography map, as it is possible to verify in Figure 2.

Figure 2. Topography code
A flat terrain example is also contained in the code, commented out.

8

2.3.3. winds.m
This function models the wind speed and direction, which is defined by a set of weights attributed
to the central cell’s neighbourhood. The weights distribution defines the direction, as far as the
proportion defines its speed. An exemplificative code of a wind front blowing from the left to the
right is coded into the function, as seen in Figure 3.

Figure 3. Wind code
Note that the column parity must be taken into account, as the neighbourhood changes according
to the cell’s column parity.
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2.4.

initialise.m

After setting up the external factors, open initialise.m and input the remaining parameters that are
required by the model. The function marks the variables in need of input, as it is possible to evidence
in Figure 4. Exemplification values have been left in the model. Notice that each variable is described
in the commented side.

Figure 4. User input section in initialise.m
The remaining code does not require any user input. Nonetheless, it can be divided into two main
sections: the first one is all about populated the variables and setting up the model; the second
section is comprised of the loop that runs the local transition rules for a stipulated amount of time.

2.5.

propagation.m

This particular function might be the most important in the model. It contains all the transition rules
that define the model and it can be divided into the following sections:
•

Near neighbours transition rules

•

Distant neighbours transition rules

•

Main transition rule equation

•

Fuel consumption equations

•

Cooling equations

For further information on the local transition rules, refer to the main report.
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2.6.

extra.m

This function is a satellite to propagation.m, as it computes the transition rules for concerning the
rate of spread and the topography factors. For further information on the local transition rules, refer
to the main report.

2.7.

colour_temp.m

This function evaluates the cell’s temperature and based on that it provides a specific colour,
updating at every timestep. This colour is then populated onto the cell’s properties. The function
draw.m then uses the colour as input to plot the map.

2.8.

colour_fuel.m

Similarly to the previous function, this one evaluates the cell’s fuel energy and based on that it
provides a specific colour, updating at every timestep. This colour is then populated onto the cell’s
properties. The function draw.m then uses the colour as input to plot the map.

2.9.

draw.m

The function draw.m plots the cellular automata model, showing the temperature and fuel energy
maps side by side. Some information, such as the runtime, timestep, total area and burnt area is
displayed as well and updated at every timestep.

2.10. counters.m
The last function is a satellite function to draw.m, as it counts the time and burnt area, updating the
values every timestep.
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